We perform 1D particle-in-cell (PIC) simulations using OSIRIS, which model a short-duration (∼ 500ω −1 0 FWHM) scattered light seed pulse in the presence of a constant counter-propagating pump laser with an intensity far below the absolute instability threshold. The seed undergoes linear convective Raman amplification and dominates over fluctuations due to particle discreteness. Our simulation results are in good agreement with results from a coupled-mode solver when we take into account special relativity and the use of finite size PIC simulation particles. We present linear gain spectra including both effects. Extending the PIC simulations past when the seed exits the simulation domain reveals bursts of large-amplitude scattering in many cases, which does not occur in simulations without the seed pulse. These bursts can have amplitudes several times greater than the amplified seed pulse, and we demonstrate that this large-amplitude scattering is the result of kinetic inflation by examining trapped particle orbits. This large-amplitude scattering is caused by the seed modifying the distribution function earlier in the simulation. We perform some simulations with longer duration seeds, which lead to parts of the seeds undergoing kinetic inflation and reaching amplitudes several times more than the steady-state linear theory results. Simulations with continuous seeds demonstrate that the onset of inflation depends on seed wavelength and incident intensity, and we observe oscillations in the reflectivity at a frequency equal to the difference between the seed frequency and the frequency at which the inflationary SRS grows.
I. INTRODUCTION
Backward stimulated Raman scattering 1,2 (BSRS) in plasmas, in which an incident light wave in a plasma decays into a backward-propagating light wave and a forward-propagating plasma wave, has been a subject of much study, in large part because it scatters light away from the target in inertial confinement fusion (ICF).
3,4
Early research focused on relatively high intensities, where growth was in the weakly damped convective and absolutely unstable regimes, and saturation occurred due to wave-breaking and/or pump depletion. 5, 6 The competition between back-, forward-, and side-scatter was also investigated. 7, 8 As laser and plasma parameters for ICF evolved, research in BSRS shifted to the strongly damped regime. In modern experiments, SRS typically occurs at densities and temperatures for which kλ De > ∼ 0.3, where Landau damping is significant. In this kinetic regime, the measured BSRS reflectivities can greatly exceed the values from linear theory calculations, e.g. in the singlehot-spot experiments of Ref. 9 . 3D paraxial-envelope simulations with linear damping, however, correctly modeled the intensity threshold for SRS in experiments with a) Electronic mail: ellis@physics.ucla.edu a smoothed, multi-speckle beam in a pre-formed uniform hohlraum plasma. 10 A process called kinetic inflation was proposed to explain the single-hot-spot results. [11] [12] [13] In kinetic inflation, a small-amplitude plasma wave excited in the strongly damped convectively unstable regime can trap electrons, modifying the distribution function so that the kinetic damping of the plasma wave is greatly reduced or vanishes. 14, 15 Therefore, for the same incident laser intensity, SRS can then transition to the weakly damped or absolutely unstable regime. 16 There has also been recent work on how BSRS in the kinetic regime can saturate due to nonlinear frequency shifts 11, 17 or related trapped-particle instabilities 18 caused by electron trapping. Recent research has demonstrated the importance of the propagation and evolution of plasma wave packets, including how the reflected light can occur in bursts spaced proportionally to the inverse of the nonlinear frequency shift. 17 The latest research has also demonstrated that hot electrons and back-and side-scattered SRS produced by one speckle interact with neighboring speckles, causing the speckles to self-organize and produce coherent bursts of SRS. 19 Until recently, little work has explored the possibility of scattered light, plasma waves, or the resulting changes to the electron distribution in one region of space or time enhancing SRS at different times or locations.
In this paper, we make a detailed comparison of the arXiv:1208.1576v3 [physics.plasm-ph] 27 Nov 2012 linear amplification of a well defined counter-propagating seed pulse using coupled-mode theory and OSIRIS PIC 20 simulations. We then explore how this seed pulse can trigger large reflectivities after it has left the plasma using OSIRIS simulations. We consider situations in which no BSRS occurs with only the pump (no seed is used). The seed intensity and pulse length are varied. For short seed pulses (∼ 500ω −1 0 FWHM), the seed pulse is linearly amplified as it transits the box. This amplification agrees with linear theory when appropriately modified to take into account special relativity and the use of finite-size particles in PIC codes, 21, 22 such as OSIRIS. We simulate ICF-relevant laser and plasma conditions, and demonstrate that special relativity increases the linear gain and shifts down the scattered light wavelength. We find, for these short seed pulses, that kinetic inflation occurs after the seed pulse leaves the box. The timing and amplitude of the first peak in reflectivity after the seed pulse depends on the duration and intensity of the seed pulse. We examine the trapped particles to verify that kinetic inflation is occurring and that the bounce period is consistent with the Langmuir wave (which we also call the plasma wave) amplitude.
For longer seed pulses, the inflationary burst of scattered light overlaps with the seed. Under these conditions, the measured gain of the seed can reach several times the steady-state linear gain value when the seed wavelength is near the peak of the gain spectrum. We also examine the onset of inflationary scattering and the bursty nature of BSRS using continuous seeds. Nonresonant seeds, which are not at the peak of the linear gain curve, require higher incident intensity to cause inflation. We also observe that, when the seed frequency is non-resonant, the reflected light is modulated with a period inversely proportional to the difference between the seed and resonant frequencies. (In this paper, we use the term "resonance," where 1 + χ r = 0 for electrostatic waves, and "peak gain" interchangeably.) After inflation sets in, the measured gain of the seed decreases with incident seed intensity due to pump depletion.
The paper is outlined as follows. We present the simulation geometry and plasma conditions in Section II, and discuss the linear theory of convective BSRS gain and its relativistic and PIC modifications in Section III. We describe in Section IV a subtraction technique that we use in our data analysis. In Section V, we discuss the amplification of short-duration seed pulses in PIC simulations and as calculated by a coupled-mode solver. Section VI covers our observation of kinetic inflation that occurs after the seed pulse passes, and Section VII covers our measurements of kinetic inflation using longer duration seeds. Finally, we discuss the onset of inflation with continuous seeds in Section VIII and conclude in Section IX. 
II. GEOMETRY AND PLASMA CONDITIONS
Throughout this paper, we use normalized units to describe the OSIRIS simulations. To make connection to parameters of interest for ICF, we assume that the incident pump has a wavelength of λ 0 =351nm. When we note quantities in physical units, they correspond to this pump wavelength. Our formulas and other quantities are given in CGS units while the temperature is often given in units of eV. Figure 1 depicts the usual simulation geometry. The pump laser (ω 0 , k 0 ) is incident from the left with a normalized electric field amplitude E 0 e/m e cω 0 = 3.68×10 −3 (in physical units, I 0 = 1.5 × 10 14 W/cm 2 ). The seed (ω 1 , k 1 ) enters the simulation box from the right and beats with the pump, inducing an electrostatic wave (ω 2 , k 2 ) in the plasma, which travels to the right. Light from the pump scatters off the plasma wave and amplifies the seed. For the simulation parameters, this process is a convective instability.
Our simulation plasma has fixed ions and we do not add collisions. We simulate densities and temperatures for which SRS is expected to occur for ignition experiments at the National Ignition Facility (NIF). 23 The plasma has a uniform density n = 0.12n c (≈ 1.1 × 10 21 cm −3 ), where n c is the critical density for the pump laser. The electron thermal speed is v th = 0.0699c (T e = 2.5 keV). The box has length L = 1790c/ω 0 (100 µm) and 8192 cells, giving a cell width of 1.1λ D , where λ D is the Debye length. We use 16,384 particles per cell and quadratic splines for the particle shape to reduce spurious noise due to aliasing. The particle boundary conditions are thermalizing and we use perfectly matched layers 24 for the field boundary conditions. The particle pusher is relativistically correct in all the simulations except where we state otherwise.
The seed intensities we use in our simulations are far above the background electromagnetic noise in ICF, which for BSRS is primarily Thomson scattering. 25 For the plasma conditions used in our simulations and a typical NIF quad (four laser beams arranged in a square) with effective F-number 23 of 8 as the pump, the effective Thomson scattering seed within the FWHM of the peak relativistic gain (discussed below) is 1.6 × 10 down-stream regions, this light acts as an SRS seed far above thermal noise, and may reach amplitudes where kinetic effects are significant. We choose seed intensities to induce such effects.
III. LINEAR THEORY OF CONVECTIVE BSRS GAIN
A. Non-Relativistic Theory Our PIC simulations never reach a steady state. However, linear theory states that the reflectivity will quickly reach a steady state when we use a continuous scattered light wave seed. In the convective steady state, the seed intensity is amplified by a factor of e G by the time it exits the box. G is the linear intensity gain exponent, commonly called "the gain," and we present an equation for it in the strong damping limit. Here, we summarize the results from a detailed derivation for the steady-state gain from Ref. 25 .
Given the pump (ω 0 , k 0 ) and the seed (ω 1 , k 1 ), we calculate the plasma wave (ω 2 , k 2 ) using the matching conditions,
and
We need ω 2 and k 2 for the plasma susceptibility when we calculate the gain. Let the seed intensity be denoted by I 1 (z), where z = (0, L) is the (left, right) edge of the box. Then,
where G l (z) is the linear intensity gain exponent,
We neglect pump depletion and light wave damping, so I 0 is constant, which leads to
where the subscripts e and I denote the electron and ion species, respectively, χ j is the collisionless susceptibility for species j, ε(k 2 , ω 2 ) = 1 + j χ j (k 2 , ω 2 ) is the plasma dielectric function, and
where r e ≡ e 2 /m e c 2 is the classical electron radius. For a Maxwellian velocity distribution, χ j is given by
where ω pj is the plasma frequency of species j, v T j = T j /m j is the thermal speed of species j, and Z (s) = dZ/ds. Z (s) must be calculated numerically, and is typically found by first computing Z(s), the plasma dispersion function.
26 Z (s) = −2sZ(s) − 2, with
χ j → −(ω pj /ω 2 ) 2 as m j → ∞, so we can set 1 + χ I → 1 everywhere (recall we use fixed ions in the OSIRIS simulations). In particular, ε = 1 + χ e and
We further simplify Eq. 3 since we are dealing with a uniform plasma. Γ 1 is constant, so the gain is given by
We also define an amplitude gain rate, g 0 , as
where χ r and χ i are the real and imaginary parts of χ, respectively. We plot the theoretical gain spectrum for the conditions of interest in Figure 2 as dash-dotted lines. Equations 2-5 are valid in the strong damping limit. This limit applies when |v g2 ∂a 2 /∂x| |ν 2 a 2 |, where v g2 is the plasma wave group velocity, a 2 is the plasma wave action amplitude (defined in Section V B), and ν 2 is the Landau damping 27 rate. In a homogeneous plasma in the convective steady-state, which is where our gain calculation applies, this condition is g 0 ν 2 /v g2 . Working at the peak of the non-relativistic gain curve, we have a spatial gain rate of g nr 0 = 3.28 × 10 −4 ω 0 /c and ν 2 /v g2 = 0.0611ω 0 /c. Therefore, we are in the strong damping limit.
B. Relativistic Modification
We now explore the impact of special relativity on linear gain. Estabrook and Kruer 7 included an analysis of SRS for temperatures for which relativistic corrections are important, and performed 1.5D PIC simulations of laser and plasma conditions where the plasma wave is weakly damped. They found that non-relativistic linear theory does not adequately describe the wavenumber of the fastest growing mode in high-temperature (∼64 keV) plasmas, but taking into account the effective (reduced) plasma frequency and corresponding density due to special relativity brings theory and simulation into better agreement. More recently, Bergman and Eliasson derived a fully relativistic expression for the unmagnetized plasma dielectric function, 28 and Bers et. al. derived approximate expressions relevant to current and near-future deuterium-tritium fusion plasmas. 29 Palastro et. al. have also derived a fully relativistic description of Thomson scattering.
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In this subsection, we simply make some heuristic changes to the formulas in the previous subsection to account for special relativity. We replace the susceptibility in Eq. 8 with the relativistic one of Bergman and Eliasson, which is computed using a 3D Jüttner-Synge distribution, as opposed to a Maxwellian distribution.
Given the 3D Jüttner-Synge distribution,
the electron susceptibility is given by
where γ is the relativistic factor, µ ≡ m e c 2 /T e , K 2 (µ) is the modified Bessel function of the second kind, Ω 2 ≡ ω 2 /ω pe , and κ 2 ≡ k 2 c/ω pe . P is given by
where σ = 0 for Ω . We can also take into account relativistic effects in the electromagnetic dispersion relation, ω 2 = ω 2 pe + c 2 k 2 , by using a relativistic version of the plasma frequency:
We use this relativistic plasma frequency when we calculate k 0 and k 1 . The decrease in the effective plasma frequency with temperature is due to relativistic corrections to the internal energy of the plasma. 31 However, this change only has a relatively small impact on the gain at the temperature we use in our simulations. It is also possible to calculate k 0 and k 1 using the fully relativistic transverse dispersion relation from Ref. 28 , but we did not attempt to do so.
The overall effect of special relativity on the gain curve is shown in Figure 2 . Notice that the peak of the relativistic gain curve lies above the peak of the non-relativistic gain curve, and the peak occurs at a shorter wavelength. This difference occurs because there are less particles and a shallower slope at the plasma wave's phase velocity in the Jüttner distribution than in the Maxwellian distribution, resulting in weaker Landau damping. At the peak of the analytic non-relativistic gain curve (λ 1 = 1.659λ 0 = 582.37 nm), for which k 2 λ De = 0.289, the non-relativistic damping rate is 3.24 × 10 −3 ω 0 , while the relativistic rate is 2.44 × 10 −3 ω 0 . The strong damping limit still applies at the peak of the relativistic gain curve (λ 1 = 1.655λ 0 = 580.88 nm), for which the spatial gain rate is g r 0 = 4.43 × 10 −4 ω 0 /c and ν 2 /v g2 = 0.0465ω 0 /c. We also performed some gain calculations using the approximate expression of Bers et. al. for the relativistic longitudinal dispersion relation. Their expression shifts the gain curve down in wavelength significantly more than numerically integrating the formula of Bergman and Eliasson.
C. PIC Modification
We can improve the agreement between simulation and theoretical results by taking into account a few known aspects of finite-difference PIC codes: finite-size particles, differencing operators, and field smoothing plus compensation. 22 The particles have a finite size because the charge and current are interpolated to a grid via the "shape factor" S( x):
To reduce the self-heating and spurious noise from aliasing, we use second-order B-splines. Transforming to Fourier space,
where
for 1D simulations, with ∆ being the cell width. In finite-difference codes, like OSIRIS, differencing operators modify the dispersion relation by changing the relationship between the charge density ρ, longitudinal electric field E 2 , and electrostatic potential φ. In Fourier space,
We additionally smooth the fields in our simulations to further reduce the effects of aliasing, and we compensate to reduce numerical modifications to the dispersion relation for small k. Without the use of splines and smoothing, grid heating instabilities occur for ∆ > ∼ 3λ De . Finite-difference codes, such as OSIRIS, can use a digital filter to compensate for this effect. We perform the filtering of some quantity φ on the grid by replacing
where j is the grid index and W is a weighting factor. Transforming into Fourier space,
We use two filters in the simulations in this paper. The first is a two-pass filter, which we use unless stated otherwise. The first pass has a stencil of 1 4 (1,2,1) (W=1/2) and the second has a stencil of 1 4 (-1,6,-1) (W=-1/6). Therefore,
The second filter has five passes, and we choose it because it causes less deviation from the longitudinal dispersion relation without PIC effects than the 2-pass filter. The first four passes use a stencil of . We perform additional simulations with this filter to observe the effect on the gain curve.
The particle shape factor, differencing operators, and field smoothing only affect the plasma frequency. We simply make the change
everywhere ω pe appears in our formulas to account for their effects. The effect of the shape factor, differencing operators, and both the 2-pass and 5-pass filters on the relativistic and non-relativistic gain curves is shown in Figure  2 . Checking the strong damping limit condition for the 2-pass filter, in the non-relativistic case, the peak gain rate drops to g 
IV. SUBTRACTION TECHNIQUE
We use a subtraction technique 32 in our data analysis to clearly see waves with amplitudes below the background plasma fluctuation level. The technique requires running two simulations, the first with a perturbation whose effects we wish to examine, and the second without the perturbation, but with the same random number generator seed. We then subtract the results of the second simulation from the results of the first. In our case, the first simulation has both a backward propagating light seed pulse and a forward propagating pump, while the second simulation has just the pump. Figure 3 shows the electrostatic field induced by the beating of the pump and the seed pulse. The seed pulse in this simulation has a Gaussian-like profile, as described in section V, with λ 1 = 1.644λ 0 (577nm) and I 1s = 5×10 −4 I 0 . The amplitude of the plasma wave is so small that we cannot distinguish it from the background fluctuations without using the subtraction technique. In the subtracted result, background fluctuations enter the simulation starting at the sides of the box due to the thermalizing boundary conditions. Fluctuations will always re-enter the subtracted data as the two simulations become uncorrelated, but the re-emission of particles with random speeds at the boundaries exacerbates this situation.
Because we do not observe meaningful SRS without a seed, we use the subtraction technique as a means of separating the scattered light from the pump light when pump depletion is not significant. When pump depletion is small, the subtraction technique for the transverse electric field works well for finding the scattered light at all positions in the box. However, when pump depletion becomes significant, the subtraction technique does not produce good results by itself anywhere except at the far left side of the box, where pump depletion does not occur. Therefore, we can still use the subtraction technique to observe the reflectivity at the left side of the box, but we need to filter out the pump in Fourier space to observe the scattered light anywhere else in the box.
The number of particles per cell in the simulation affects the usefulness of the subtraction technique. crease the number of particles per cell. When we decrease the number of particles per cell, low-intensity seed pulses become more difficult to distinguish from the background fluctuations when we use the subtraction technique, until we cannot distinguish the peak of a pulse with I 1s = 5 × 10 −4 I 0 from the fluctuations in simulations with 512 particles per cell. However, changing the number of particles per cell has no significant effect on the convective amplification of the seed pulse. Gaussian-like rise and fall, and a steady amplitude for 600ω
V. CONVECTIVE GAIN SIMULATIONS & COUPLED-MODE RESULTS

A. OSIRIS Convective Gain Simulations
We perform OSIRIS PIC simulations to observe seed amplification in the linear regime and determine under what conditions SRS enters the nonlinear regime. The simulations begin at t = 0 with the pump incident from the left. After 2, 000ω −1 0 , the seed enters from the right, by which time the pump has crossed the box. We use two different temporal profiles, or "shapes," for the seed and vary its wavelength and intensity. The first shape is approximately Gaussian, and rises from zero to its peak amplitude in τ = 500ω in between. The two pulse shapes are plotted in Figure 4 . We describe the seed pulse using the notation I 1 (z = L, t) = I 1s s(t), so that s(t) describes the pulse shape and I 1s is the maximum incident intensity. In our simulations using seed pulses, I 1s ≥ 5 × 10 −4 I 0 . Figure 5 shows the scattered light and the plasma wave as a function of position and time in an OSIRIS PIC simulation when we use a Gaussian-like seed pulse with I 1s = 5 × 10 −4 I 0 and λ 1 = 1.644λ 0 . We also include line-outs of the scattered light amplitude vs. position at various times to show the evolution of the seed pulse more clearly as it crosses the box from right to left. We use a Hilbert transform to envelope the results, producing a smooth appearance.
We define the measured gain, g meas , of a pulse as
The plot at the top of Figure 6 shows the gain we measure in simulations when we vary the seed wavelength while keeping I 1s fixed at 5×10 −4 I 0 . The linear relativistic gain peaks near λ 1 = 1.644λ 0 (577nm) in simulations with a 2-pass filter and near λ 1 = 1.650λ 0 (579nm) in simula- tions with a 5-pass filter. Our simulation results agree with these predictions. We also plot a gain curve from simulations using a non-relativistic particle pusher and a Maxwellian velocity distribution. This non-relativistic curve lies below the relativistic one at most points, as we expect, and the location of its peak agrees with the gain curve from non-relativistic theory with a 2-pass filter. . Plotted are the gains we measure using a Gaussian-like pulse (green with square markers) and a flattop pulse (blue with circle markers), both with λ1 = 1.644λ0. (a) includes the gain from simulations with a Gaussian-like pulse and the 5-pass filter (black with 'x' markers), plus those without relativistic effects (brown with '+' markers). Several theoretical gain curves taking into account PIC effects are included: 2-pass non-relativistic is dash-dotted red, 2-pass relativistic is solid magenta, and 5-pass relativistic is dashed purple.
In the plot on the bottom of Figure 6 , we see how the measured gain changes as we vary I 1s while keeping the seed wavelength fixed at λ 1 = 1.644λ 0 . The measured gain of the Gaussian-like pulse remains relatively constant as we increase the initial seed intensity, until the seed intensity reaches several times the pump intensity. This behavior indicates that we are in the linear regime for even large seed amplitudes. The deviation from linear theory at the highest amplitudes is due to pump deple-tion. However, the measured gain of the flat-top pulse increases with seed intensity before falling off. This inflationary gain is caused by the higher amplitude seed pulse generating a larger amplitude plasma wave and, in the presence of the seed pulse, particles executing several bounces, thus decreasing the Landau damping rate. We explain this effect in more detail in the following sections. We note that if we had decreased (increased) the seed pulse length, the deviation from linear behavior would occur at higher (lower) seed intensity.
B. The Coupled-Mode Equations
The measured gain of a seed pulse can differ from the steady-state linear result due to several linear and nonlinear effects. Linear effects include pulse shape, with each frequency in a spectrum of incident frequencies being amplified at a different rate. Nonlinear effects include pump depletion and nonlinear (kinetic) and nonlocal reductions to the real part of the frequency and the damping rate of the plasma wave. In this section, we investigate the effect of the pulse shape on the measured gain using the coupled-mode equations. In the coupled-mode equations, we let (ω i , k i ) of the carrier waves be real and work with complex envelopes a i ( x, t). We assume that the envelopes vary slowly with respect to the carriers, such that |∇a i | | k i a i | and |∂a i /∂t| |ω i a i |. The complex envelopes for the action amplitudes a j relate to the physical quantities by
for light waves, with A j the vector potential, and by
for the plasma wave. n B is the spatially varying background electron density, n 1 is the perturbation on top of it, and cc denotes complex conjugate.
The couple mode equations are
where the coupling constant is ν i is the damping rate of mode i, and
is the detuning frequency for the light waves, which reflects the departure of mode i from being a natural mode of the plasma. We assume no inverse bremsstrahlung, which is the case in the PIC simulations, so ν 0 = ν 1 = 0. The Landau damping rate,
, and ε is the kinetic dielectric function. We set the light-wave detuning, δ 0 = δ 1 = 0. For the electrostatic mode, we find δ 2 using the kinetic equation, δ 2 = −ε r /(∂ε r /∂ω 2 ). The equations in Sections III B and III C allow us to take into account special relativity and PIC effects when we calculate the coefficients.
We can directly compare the results from OSIRIS and the coupled-mode solver by examining the reflected light. Figure 7 shows the reflected light from runs with I 1s = 5 × 10 −4 I 0 using flat-top pulses with λ 1 = 1.644λ 0 and 1.650λ 0 . In Figure 8 , we compare the measured gain from PIC simulations and the coupled-mode solver for various wavelengths. The simulation and coupled-mode results are in excellent agreement for both the Gaussian-like and flat-top pulse runs.
The agreement between simulation and coupled-mode results is not as good when we examine the longitudinal field. Figure 9 shows the amplitude of the longitudinal field at t = 4, 000ω
for the same runs as shown in Figure 7 . The disagreement occurs soon after the wave begins growing and is visible at about x = 300c/ω 0 . We are not yet sure of the reason for this disagreement. The disagreement becomes worse as background fluctuations begin to enter the PIC results after x = 400c/ω 0 .
VI. INFLATION AFTER SEED PASSAGE
For short seed pulses, we find significant reflectivity well after the seed propagates out of the simulation box. The pump now directly interacts with the Langmuir wave The measured gain in a box of length 1790c/ω0 (100 µm) predicted by the coupled-mode solver as we vary the wavelength using a Gaussian-like pulse (dashed brown with '+' markers) and a flat-top pulse (dashed magenta with circle markers). For comparison, we include the PIC simulation result for the Gaussian-like pulse (solid blue with 'x' markers) and the flat-top pulse (solid red with square markers) along with the linear relativistic gain curve taking into account PIC effects (dash-dotted green). that is still present in the plasma after the seed leaves the box. Without trapped particles, the Langmuir wave is described by its linear dispersion relation, BSRS remains in the strongly-damped limit, and no observable growth of BSRS occurs for the pump intensity and the plasma length of interest. However, a small amplitude wave can evolve into a nonlinear weakly damped wave after the trapped particles execute a few bounces.
14, 15 The period for a bounce, or bounce time, is τ B ≡ 2π/ω B , where ω B = eE 2 k/m e is the bounce frequency for deeply trapped electrons, E 2 is the electric field ampli- tude, and k is the wavenumber of the wave. As particles are trapped, the damping rate decreases below its linear value to a residual level which depends on details of the problem. 36 The ponderomotive beating of the pump and the scattered light will drive the wave to increasing amplitudes. Such a situation will lead to noticeable reflectivity later in the simulation. The seed pulse must be the cause of any such reflectivity because, with the pump amplitude we use in our simulations, BSRS is negligible without a seed. BSRS that occurs after the seed has left the box is both useful for isolating the process of kinetic inflation 11 and is potentially relevant to situations where BSRS in one region of space or time seeds BSRS in another one, creating a plasma wave that triggers an inflationary burst of BSRS. Figure 10 shows the scattered light and plasma wave for times after the seed leaves the box in a simulation using a Gaussian-like seed pulse with I 1s = 8 × 10 −3 I 0 and λ 1 = 1.644λ 0 . We observe high reflectivity after t = 10, 000ω −1 0 , along with a corresponding growth in the plasma wave. Figure 11 shows lineouts of the scattered light and longitudinal field at x = 550c/ω 0 along with a comparison with the coupled-mode result. For the longitudinal field from the PIC simulation, we filter out all modes except 1.4ω 0 /c ≤ k ≤ 1.5ω 0 /c. Notice the dip in the plasma wave amplitude around t = 4, 500ω −1 0 , corresponding to the drop in the seed's amplitude, before the plasma wave begins to grow again.
We verify that kinetic inflation is occurring by tracking particles traveling near the plasma wave phase velocity and plotting their orbits in the frame of the wave, as done in Figure 12 from t = 5, 000ω
0 . The elliptic trajectories are clear indicators of particle trapping. During this time, the distribution function begins to flatten around the Langmuir wave phase velocity, as seen in Figure 13 , which is another indication of particle trapping and a clear indication of the reduction of Landau damping. The tail is flattened to much higher velocities during the larger burst of SRS that grows after the seed leaves; for example, as shown at t = 17, 000ω
0 . This larger tail in our simulations potentially contributes to the energetic electrons (commonly referred to as "hot electrons") seen in recent experiments. 37 The production of hot electron tails by SRS is an active area of research, 38, 39 but the small flattening early in time is sufficient to affect the growth and further onset of SRS we are studying here. (dashed black) along with the Jüttner distribution for a 2.5keV electron plasma (dash-dotted red). The measured distributions have a plateaus beginning around γβ = 0.26, indicating particle trapping.
Since particle trapping causes the inflationary scattering at late times, the inflationary bursts will occur earlier if the seed drives a larger Langmuir wave with a shorter τ B , so that the trapped particles accumulate bounces faster. We can increase the Langmuir wave amplitude by increasing the intensity, the duration, or choosing a seed wavelength that produces a higher gain.
We first vary the initial amplitude of the seed. Figure  14 shows that the first burst of reflected light has a maximum around t = 17, 000ω
0 when we use a Gaussian-like seed pulse with I 1s = 4×10 −3 I 0 and λ 1 = 1.644λ 0 . As we increase I 1s , the burst moves earlier, but the difference in amplitude between the burst and final seed amplitude also decreases. As a clear demonstration of the effect of the higher intensity seeds, in Table I we examine the plasma wave amplitudes and particle bounce times for the simulations in Figure 14 . We examine a selection of particles near the plasma wave phase velocity between Figure 14 , along with the bounce times calculated using the average plasma wave field amplitude along the particle's trajectory. x = 350c/ω 0 and x = 450c/ω 0 at t = 5, 000ω
0 . We use the most deeply trapped particle to determine the time it takes to complete one bounce. To calculate the theoretical bounce time, we filter out all plasma wave modes except 1.4ω 0 /c ≤ k ≤ 1.5ω 0 /c and average the field amplitude over the bounce time along the particle's track. We then substitute the measured values of the amplitude and wavenumber (k = 1.44ω 0 /c) into the formula for the bounce time. The results are in Table I . The measured bounce times are slightly (∼ 10%) longer than the simple expression. We believe this discrepancy is due to the fact that the amplitude of the wave is changing with time and because the calculation is for a parabolic potential well, while the particles are actually trapped in a sinusoidal well.
Besides lowering the kinetic damping rate, another well-known effect of particle trapping is the nonlinear frequency down-shift of the plasma wave. 15 As the plasma wave grows, it will shift downward in frequency because it will trap more particles. According to the frequency matching condition in Eq. 1a, the down-shift in the frequency of the plasma wave should be accompanied by an up-shift in the frequency of the scattered light. We examine this down-shift using a Wigner transform with a Choi filter. 40 The Wigner transform takes a function of time and computes its representation as a function of both frequency and time. It maps f (t) → f (ω, t).
The Wigner transform results for a run with a flat-top seed with I 1s = 8 × 10 −3 I 0 and λ 1 = 1.638λ 0 are shown in Figure 15 . The results for the same run, except using a seed with λ 1 = 1.627λ 0 , are in Figure 16 . In both cases, the seed appears in the Wigner transform scattered light plots around t = 4500ω −1 0 , when the seed reaches the left side of the box. The scattered light frequency shifts up while the plasma wave frequency shifts down, as expected due to trapping.
The inflationary bursts begin growing near the frequency with the highest gain regardless of the seed's central frequency, consistent with a harmonic oscillator that is driven off-resonance. The initial growth is near the central frequency of the seed in the case with λ 1 = 1.638λ 0 , and in the seed's lower-frequency tail in the case with λ 1 = 1.627λ 0 . This observation suggests that the ponderomotive beating of the seed and the pump simply disturbs the plasma and provides an initial level for growth, but the subsequent growth occurs at the most unstable mode.
There are two inflationary bursts in the scattered light plot in Figure 15 . According to Ref. 17 , the separation of the bursts in time is 2π/∆ω N L , where ∆ω N L is the nonlinear shift of the scattered light and plasma wave from their non-inflationary resonant frequencies, where peak linear gain occurs. In our case, the bursts occur at different frequencies. The first is roughly on-resonance while the second has ∆ω N L ≈ 0.002ω 0 . Averaging the two, we have ∆ω avg N L = 0.001ω 0 , or a separation of about 6, 000ω
0 , which is in good agreement with the actual separation of the two bursts. Figures 15 and 16 show the seed wavelength also affects the time required for inflation to set in. We explore this effect in Sections VII and VIII.
Increasing the width of the seed drives the plasma wave longer, increasing its amplitude and causing inflationary bursts to occur earlier. In Figure 17 , we vary the duration of a flat-top pulse while keeping the rise and fall time at 200ω −1 0 . The burst of high reflectivity moves earlier and, correspondingly, the plasma wave reaches a high amplitude quicker as we increase the pulse duration from 1, 000ω
0 . However, this effect only occurs if we drive near resonance. If we drive off resonance, then the the large bursts don't occur, and the reflectivity oscillates with a period of 2π/∆ω N R , where ∆ω N R is the difference between the seed frequency and the resonant frequency, at which inflationary SRS grows.
VII. INFLATION OF THE SEED
When the seed pulse width becomes comparable to the bounce time, then the seed itself can undergo inflation, illustrating the difference between the linear and inflationary regimes. We perform simulations using a flat-top pulse with a duration of 6, 000ω with time in the simulations as compared to the steadystate values from linear theory. The reflectivities seen in the simulations can significantly exceed the linear theory values, particularly for the seeds with λ 1 = 1.638λ 0 and 1.644λ 0 . The runs using seeds with λ 1 = 1.632λ 0 and 1.650λ 0 reach levels above the linear theory values, but dip below linear values several times due to driving off resonance. In these four cases, inflationary scattering continues after the seed ends around ω 0 t = 10, 200. When we use seeds with λ 1 = 1.627λ 0 and 1.658λ 0 , the reflectivity does not reach significantly above the linear value and drops down when the seed ends, because inflationary scattering does not occur easily when the seed is far from resonance.
We observe oscillations in the reflectivity in all the cases, except when we use the seeds with λ 1 = 1.638λ 0 and 1.644λ 0 . These oscillations are due to the scattered light seed driving SRS off resonance. 17 The ponderomotive beating of the pump and scattered light drives the plasma wave, so if the phase of the beat drive leads the plasma wave by π/2, the plasma wave no longer grows. The plasma wave density n 1 ∝ − ∂ ∂x E 2 , while the beat drive
indicates the phase difference between the beat drive and the plasma wave. 16 We also note that the change in the pump energy density with time is given by
Therefore, if R p is positive, the waves are in phase, the beat drive is resonantly driving the plasma wave, and energy is transferred from the pump to the seed and plasma wave. The inverse applies if R p is negative. Figure 19 shows the scattered light and the resonance plot for the seed with λ 1 = 1.644λ 0 . We smooth the result from the resonance diagnostic in x using a 6-point moving average. Notice the dip (valley) in the scattered light amplitude around x = 1250c/ω 0 , t = 7, 000ω −1 0 , and the corresponding negative area on the resonance plot around x = 1500c/ω 0 . When this drop occurs, the beat drive and the plasma wave are out of phase, so energy flows from the scattered light wave to the pump. This shift away from resonance is due to the nonlinear frequency shift of the plasma wave, explained in Section VI. The non-resonant drive is also responsible for the os- cillations we see in the reflectivity plot of Figure 18 . Figure 20 shows the same plots as Figure 19 , except using a seed with λ 1 = 1.638λ 0 . This seed continuously drives the scattered light to its maximum amplitude before dropping off, whereas the one with λ 1 = 1.644λ 0 drives a lower-amplitude burst of scattered light before it produces a second burst at much higher amplitude. Notice that the resonance plot in Figure 20 shows that the beat wave and plasma wave are in resonance until the peak of the scattered light burst. This resonant drive leads to a burst of scattered light at higher amplitude than in the λ 1 = 1.644λ 0 case.
VIII. INFLATION OF CONTINUOUS SEEDS
In this section, we extend the flat-top seed pulse so that it remains on through the end of the simulation. Based on what we have observed in the Sections VI and VII, we expect the inflationary behavior we see in these simulations to depend on the seed intensity and wavelength. We know that there must be an intensity threshold below which the seed does not drive inflationary behavior in the simulations (very long bounce times), because we see negligible scattering without a seed. However, as we saw in Section VII, a seed that is intense enough to drive inflation on resonance may not be intense enough to drive it off resonance.
Furthermore, the use of continuous seeds is related to past work by Winjum et. al. on scattering off of plasma wave packets.
17 Light scattering off a wave packet that has undergone a nonlinear frequency shift acts as a seed for BSRS in the unperturbed background plasma. However, the beat drive frequency is not a natural mode of the background plasma. This non-resonant beat drive leads to oscillations in the reflected light with a period 2π/∆ω N L , where ∆ω N L is the nonlinear frequency shift of the plasma wave, much like the amplitude of a simple harmonic oscillator varies when driven off resonance. In this section, we examine the effect of resonant and nonresonant drive in more detail by using continuous seeds at different wavelengths and intensities, and examining the results using plots of the reflected light. Figure 21 shows the time-average measured gain for various seed intensities with λ 1 = 1.644λ 0 and 1.658λ 0 . When we use a seed with λ 1 = 1.644λ 0 , an intensity of 1.25 × 10 −4 I 0 (smallest value shown) is enough to cause inflation. However, when we use a seed with λ 1 = 1.658λ 0 , we do not see inflation until the seed intensity reaches 8 × 10 −3 I 0 . The measured gain at both wavelengths decreases with seed intensity due to pump depletion once inflation sets in.
In order to understand the results with a 1.658λ 0 seed, we first discuss trapping effects on the SRS gain spectrum via Eq. 10. Trapping nonlinearity leads to a reduction in χ i and thus Landau damping, as well as a down-shift in the natural plasma wave frequency. This latter effect decreases the resonant scattered wavelength, where 1 + χ r = 0. In electrostatic simulations with an external driver, Fahlen showed behavior consistent with this picture. 41 For k 2 λ De ∼ 0.3 and a driver frequency above the natural frequency, the plasma response is even smaller than the linear response. However, when the driver is below the natural frequency, a larger response is obtained.
Trapping, therefore, makes the gain spectrum narrower and peaked at a smaller wavelength. The gain increases for wavelengths near resonance. However, for wavelengths far from resonance, the gain does not increase, and, in fact, vanishes as χ i → 0. We can see this effect clearly by examining Eq. 10. Since the seed is far from resonance, 1 + χ r χ i , so g 0 ∝ χ i /(1 + χ r ) 2 . This vanishing gain is clear in Figure 22a , where the gain approaches zero in steady state for the continuous 1.658λ 0 seed with I 1s /I 0 = 4 × 10 −3 . Thus, inflation is not possible at non-resonant wavelengths. For hot, low-density plasmas, there is no resonant wavelength, and all phasematched plasma waves satisfy the loss of resonance condition k 2 λ De > 0.53. 42 Inflation cannot occur in such a plasma at any scattered wavelength.
The red curve in Figure 21 is for a seed wavelength that is non-resonant and larger than the linear resonance. The reduction of χ i due to trapping cannot lead to inflation at this wavelength, and the nonlinear frequency shift will move the resonance farther away. Both effects conspire to reduce the SRS gain below its linear value, which is what we observe for the lowest seed intensities. The number of bounce orbits completed by resonant electrons, 13,43 based on the plasma wave amplitude computed from linear theory, is > 4. It is thus consistent for trapping nonlinearity to occur and reduce the SRS gain. The increase in gain for I 1s /I 0 = 8 × 10 −3 , as shown in Figure 22b , first develops at linear resonance, 1.644λ 0 , not at the seed value of 1.658λ 0 , then shifts down in wavelength with time to finish around 1.638λ 0 . This progression is similar to the one in Figure 16 . We performed a similar run using a flat-top seed of duration 1, 000ω
with a central wavelength of 1.658λ 0 and I 1s /I 0 = 4 × 10 −3 and observed inflation similar to that in Figure 22b , but without the oscillations, which raises the possibility that continuous seeds can suppress inflation.
There are oscillations in Figure 22b , which occur because the seed is driving SRS off resonance. As we discussed earlier, this non-resonant drive leads to oscillations in the reflected light with a period of 2π/∆ω N R , where ∆ω N R is the difference between the seed frequency and the resonant frequency, at which inflationary SRS grows. Equivalently, the ∆ω N R is the difference between the seeded beat drive frequency and the frequency of the plasma wave packet. When we use a seed with I 1s /I 0 = 1.024, the oscillations are more prominent and faster, and we see no amplification, as seen in Figure 22c . The increased oscillation frequency is due to the higher amplitude plasma wave undergoing a greater frequency shift. We also see a beat wave pattern covering many oscillations, which is caused by the nonlinear frequency shift of the plasma wave packet, as described earlier in this section. Figure 23 shows the reflected light in simulations using a (low-, moderate-, high-) intensity seed with I 1s /I 0 = (1.25 × 10 −4 , 8 × 10 −3 , 1.024), but λ 1 = 1.644λ 0 . When we use the low-intensity seed, we see the reflected light increase monotonically until it saturates near the end of the simulation. Unlike when we used λ 1 = 1.658λ 0 , this seed is near resonance, so 1 + χ r << χ i , and g 0 ∝ 1/χ i . Therefore, particle trapping increases the gain, as explained earlier in the paper. Oscillations begin to appear again in the simulation with the moderate-intensity seed, which indicates that the seed is slightly off resonance, as we expect to occur as the plasma wave undergoes a nonlinear frequency shift. These oscillations once again become more prominent when we use the high-intensity seed, and we see a beat wave pattern appear again.
IX. CONCLUSIONS AND FUTURE RESEARCH
Using 1D OSIRIS PIC simulations, we have studied BSRS of a well-defined seed pulse with variable shape, intensity, and wavelength. We found that backward Raman amplification of a seed scattered light pulse can remain in the strongly damped convective regime. That is, for a sufficiently weak seed, kinetic inflation does not occur. Peak seed amplification occurs near the peak of the linear gain spectrum when we take into account special relativity and PIC effects such as finite particle size, finite-difference operators, and field smoothing. Detailed comparisons with linear coupled-mode predictions for envelope dynamics show excellent agreement. If the seed pulse is intense enough, the driven plasma wave traps particles, thereby lowering the Landau damping after a time on the order of a bounce period. The plasma wave continues to scatter light and grows after the seed leaves the system, leading to kinetic inflation later in the simulation. When we extend the seed in time, kinetic inflation occurs while the seed is still present, and we measure dynamic seed amplification, which significantly exceeds the linear gain rate at times, and can also turn negative at other times (i.e., it transfers energy into the pump). When we use a continuous seed, we find that the onset of inflation depends strongly on the seed wavelength. When the continuous seed wavelength is near the peak of the gain curve, we see kinetic inflation occur with very low seed amplitudes, while higher seed amplitudes are necessary to drive kinetic inflation using a non-resonant seed.
Connecting kinetic inflation with experiments involving lasers with many hot spots or speckles is still at an early stage. Past research has demonstrated that hot electrons, beam acoustic modes, and side-scattered light can couple hot-spots transversely in 2D simulations, leading to higher BSRS from each hot spot than one would see without coupling.
19, 44 Our results suggest that we can expect to see inflationary scattering from the lowerintensity parts of the beam interacting with flattened (non-Maxwellian) distributions or plasma waves generated in more intense parts, or increased scattered light from a few speckles triggering a "chain reaction" of downstream inflation. If this chain reaction occurs, most of the Raman in underdense laser-produced plasmas, such as ICF targets, will be inflationary. PIC codes can be used to model hundreds of speckles, but to simulate large volumes across a hohlraum effectively requires the use of envelope codes (such as pF3D), for which reduced models of kinetic nonlinearity are being pursued by several groups.
45-47
An important factor we have not explored is detrapping mechanisms. All of our simulations in this paper are 1D and "collisionless," which means that plasma waves easily trap electrons, and trapped electrons cannot leave sideways or be scattered out of the plasma wave. Since particle trapping is necessary for inflationary scattering, any de-trapping mechanisms make it less likely to occur and impose a threshold amplitude for inflation (the threshold in the present work is set by the finite amplitude and duration of the seed). In particular, collisions can kick electrons out of a plasma wave's potential well, and electrons can traverse the plasma wave in less than one bounce period in higher dimensions. 43, 48 Future research in this area should explore the effect of these de-trapping processes on inflation, and validate reduced descriptions.
